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The “no-hair” theorem states that astrophysical black holes are fully characterised by just two
numbers: its mass and spin. The gravitational-wave emission from a perturbed black-hole consists of
a superposition of damped sinusoids, known as quasi-normal modes. Quasi-normal modes are spec-
ified by three integers (`,m, n): the (`,m) integers describe the angular properties and (n) specifies
the (over)tone. If the no-hair theorem holds, the frequencies and damping times of quasi-normal
modes are determined uniquely by the mass and spin of the black hole, while phases and amplitudes
depend on the particular perturbation. Current tests of the no-hair theorem, attempt to identify
these modes in a semi-agnostic way, without imposing priors on the source of the perturbation. This
is usually known as black-hole spectroscopy. Applying this framework to GW150914, the measure-
ment of the first overtone led to the confirmation of the theorem to 20% level. We show, however,
that such semi-agnostic tests cannot provide strong evidence in favour of the no-hair theorem, even
for extremely loud signals, given the increasing number of overtones (and free parameters) needed
to fit the data. This can be solved by imposing prior assumptions on the origin of the perturbed
black hole that can further constrain the explored parameters: in particular, our knowledge that the
ringdown is sourced by a binary black hole merger. Applying this strategy to GW150914 we find a
natural log Bayes factor of ∼ 6.5 in favour of the Kerr nature of its remnant, leaving less than 1 in
600 chances that the no-hair theorem is violated .
PACS numbers: 04.80.Nn, 04.25.dg, 04.25.D-, 04.30.-w
I. INTRODUCTION
After fifteen confirmed observations of binary black
hole mergers [1–5], the gravitational-wave detectors Ad-
vanced LIGO [6] and Virgo [7] are regularly observing the
strongest regime of gravity [8], granting access to its most
fundamental properties. The no-hair theorem [9, 10] is
a remarkable result of General Relativity [11, 12] stat-
ing that black holes are simple objects which, omitting
any electric charge, are fully characterised by their mass
and spin. The newborn, highly distorted black hole left
behind by a binary black hole provides a perfect arena
to test this idea. The gravitational waves emitted by
this black hole as it settles to its final state, known as
ringdown emission, consist of a superposition of damped
sinusoids, known as quasi-normal modes. The two polar-
izations h+ and h× of the gravitational wave strain can
be expressed as [13–16]:
h(θ,ϕ; t) = h+(t)− ih×(t) =∑
`,m,n
Y −2`,m(θ, ϕ)A`mne
−t/τ`mne(i(2pif`mnt+φ`mn)). (1)
According to the no-hair theorem, the damping times and
frequencies (τ`mn, f`mn) of these modes are solely deter-
mined by the mass and spin of the black hole, while the
amplitudes A`mn and relative phases φ`mn depend on the
initial conditions of the perturbation. For instance, with
the exception of the recent observation GW190521 [5, 17–
20], for all current observations, such perturbations can
be safely assumed to be sourced from the quasi-circular
merger of two compact objects, in a quasi-circular inspi-
ral [21]. The angles (θ, ϕ) in Eq. 1 are the polar and
azimuthal angles of a spherical coordinate system cen-
tered on the black hole, with θ = 0 aligned with the
black hole spin 1.
Quasi-normal modes are commonly described by inte-
gers (`,m, n). First, the angular properties of the emis-
sion are described by spheroidal-harmonic indices (`,m).
Second, each angular (`,m) set supports different “tones”
described by the integer n. The (` = 2,m = 2, n = 0)
mode is commonly referred to as the fundamental mode
Last, for each (`,m, n = 0) mode there are an infinite
number of overtones with n ≥ 1. These have lower fre-
quencies and faster damping times than their correspond-
ing n = 0 tones. It is frequently argued that the inde-
pendent measurement of two quasi-normal modes would
allow to test their consistency and, therefore, to test the
no-hair theorem. This is the main goal of a research
program commonly known as “black-hole spectroscopy”
[22–37].
The feasibility of the above measurement has been
widely discussed in the literature, especially during the
last year, with two aspects receiving most of the atten-
tion. First, Eq. 1 is only valid when the perturbation
undergone by the black hole is weak enough that the
1 We note that Eq. 1 ignores the impact of retrograde modes,
which should only be relevant for highly anti-aligned spins with
respect to the orbital angular momentum.
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2black hole is in its linear regime. Consequently, much at-
tention has been dedicated to finding a prescription for
the instant when the final black hole enters such regime
after its formation. On the one hand, starting the analy-
sis too early in the evolution of the black hole would yield
biased results. On the other, waiting too long would dra-
matically reduce the available signal power due to the ex-
ponentially decaying nature of the emission. Many stud-
ies have been devoted to this matter [25–28, 35, 38, 39],
leading to different prescriptions and attempts to test
the no-hair theorem on available gravitational-wave data.
Carullo et al. [27] searched for multiple angular ring-
down modes in the gravitational-wave signal GW150914
h`m0, starting their analysis ≈ 3ms after the signal peak.
They demonstrated the presence of a ringdown mode
with f ∼ 234Hz and τ ≈ 3.9ms, consistent with those
estimated by the LIGO and Virgo Collaborations [40].
Next, they looked for the presence of a second angular
mode, finding no evidence for it. More recently, Giesler
et al. [28] obtained the remarkable result that the usage
of overtones allows to observe the linear regime at the
signal peak (when the gravitational-wave strain is maxi-
mal), resulting in a great increase of the available signal
power. Applying this idea to GW150914, Isi et al. [29]
reported the measurement of the (2, 2, 1) overtone, and
its consistency with the no-hair hypothesis to a 20% level.
The work by Giesler at al. [28] and Isi et. al. [29], has
triggered the second main area of discussion [28, 30, 31]:
whether overtones of the fundamental mode, i.e., modes
with (` = 2,m = 2, n > 0) or higher angular modes, i.e.,
those with (`,m, n = 0) and (`,m) 6= (2, 2), are the best
candidates for the observation of a secondary mode, in
addition to the fundamental (2, 2, 0). The current pre-
vailing view is that for remnants of nearly equal-mass
binaries, overtones provide the best avenue. The reason
is that while overtones always damp quickly, higher an-
gular modes are highly suppressed by the symmetries of
the source [31, 41, 42]. In contrast, for asymmetric bi-
naries, angular modes are strongly triggered so that the
(3, 3, 0) mode, usually the strongest of them, is a bet-
ter candidate. The reason is that the frequency of this
mode differs more from that of the (2, 2, 0) that that of
the (2, 2, n 6= 0) overtones, making it easier to resolve
[30, 33].
We note, however, that the above works [30, 31, 33] do
not involve full Bayesian model selection (see e.g. [36]),
but rely on distinguishability criteria based on the Fisher
Matrix formalism [43], which neglects the impact of the
size of the searched parameter space. Since testing the
no-hair theorem ultimately involves performing model se-
lection between at least two models (one satisfying the
theorem and one violating it), the size of the parameter
space is a crucial ingredient of model selection that can-
not be ignored. In this sense, while the realisation that
using overtones allow to extend the analysis up to the sig-
nal peak is a major advance, [28] also reveals that up to
eight overtones may be needed to correctly fit the data for
sufficiently loud signals. This means that one may need
to use 2 + 2× 8 = 18 intrinsic parameters to describe the
signal while the initial configuration has, at most eight.
It should give us all pause that this framework seeks to
model the remnant of a binary black hole merger using
more physical degrees of freedom that those of the parent
binary!2 More importantly, this greatly affects Bayesian
model selection due the increase of the parameter space,
reflected in the Occam factor (see Appendix II).
In this work, we use full Bayesian inference to study
different frameworks for testing the no-hair theorem. We
critically assess the prevailing black-hole spectroscopy
paradigm, which seeks to measure individual ringdown
tones [29, 31]. By performing model selection on nu-
merically simulated signals consistent with GW150914
[44], we find that such test cannot provide conclusive ev-
idence that final object is a Kerr black hole, even when
the signal-to-noise ratio (SNR) reaches ρ = 100, around 8
times louder than for GW150914. The reason is that the
increasing number of parameters needed to fit the data as
the signal loudness grows, together with the strong con-
straints imposed on the properties of the quasi-normal
modes by the no-hair theorem, lead to an important in-
crease of the Occam factor. As a consequence,“hairy”
models including fewer modes not subject to the no-hair
theorem constraints, cannot be confidently ruled out.
The solution, we argue, is to take into account our prior
knowledge that the ringdowns observed by LIGO–Virgo
are sourced by binary mergers (see [34] for a similar strat-
egy involving angular modes). To that end, we model
the ringdown signal using the ringdown part of gravita-
tional waveform approximants for binary mergers tuned
using numerical relativity. These waveforms encapsulate
the information of all possible overtones, effectively im-
posing appropriate priors on their amplitudes and phases
parametrised in terms of the eight parameters of the par-
ent binary. The reduced parameter space of this “binary”
model reduces the Occam factor, and allows for a much
better determination of the Kerr nature of the final ob-
ject.
We carry out analyses of GW150914 using three differ-
ent models, each consisting of a different implementation
of Eq. (1): (a) A “hair” model in which all parameters
run freely; (b) a “Kerr” model with (τ`,m, f`,) fixed by the
mass and spin of the black hole; and (c) a binary black
hole (“BBH”) model with all of the previous parameters
fixed by the eight parameters of the parent binary. Using
the BBH framework, we find a natural log Bayes factor
logBKerr-BBHHair ∼ 6.5, leaving 1 in ∼ 600 chances that the
no-hair theorem may be violated. Using the spectroscopy
framework, we obtain logBKerrHair ∼ 1, consistent with [29].
In addition, while our posterior distribution for the am-
plitude of the first overtone completely rules out zero,
2 We note that recently, Jime´nez et. al. [33] have started to build
overtone models parametrised on the binary parameters, which
will eventually solve this issue. However, up to date, this only
considers the first overtone.
3we only find logB ∼ 1.5 in its favour, indicating a mild
preference for the presence of such mode.
The rest of this paper is organised as follows. Sec-
tion II describes the three signal models for ringdown
emission considered in this study. In Section III we de-
scribe our analysis set-up on simulated signals and on the
gravitational-wave signal GW150914. In Section IV, we
report our results and we close our work with some final
remarks.
II. SIGNAL MODELS
We consider three different waveform models: Hair,
Kerr, and BBH. The three models are nested so that
binary black hole is a sub-model of Kerr, which is a sub-
model of Hair. In each case, we approximate the wave-
form using the dominant quadrupole (`,m) = (2,±2)
modes. We project the complex strain signal onto the
Advanced LIGO detectors as:
hD(t) = F+h+ + F×h×, (2)
with
h+ − ih× = Y(2,2)(ι, ϕ)h−2(2,2) + Y −2(2,−2)(ι, ϕ)h(2,−2). (3)
Above, F+,× denote the antenna patterns of the detectors
, which depend on the sky-location of the source and the
polarisation angle.
A. Hair model
Our first and most general model consists of a super-
position of N damped sinusoids given by
hHair(2,±2) =
∑
n=0,N
Ane
−t/τnei±(2pifnt+φn)). (4)
Here, all {An, φn, fn, τn} parameters vary freely, effec-
tively accounting for a wide variety of possible deviations
from the no-hair theorem. To reduce the computational
cost, and to avoid double mode counting, we impose the
following constraint: An < An+1, τn > τn+1, fn > fn+1.
This choice is motivated by the fact that, for the case of
Kerr black holes, tones with larger n are associated with
smaller damping times, lower frequencies, and larger am-
plitudes than the fundamental tone. This way, our “hair”
model can be understood a “hairy” overtone model. A
model with N tones will have 4N degrees of freedom.
Evidence for the hair model (when compared to the Kerr
model below) would suggest a source that is inconsistent
with a general relativistic black hole.
B. Kerr model
Our second model—a sub-model of the hair model—
requires that the frequencies and damping times of each
ρ = 100 ρ = 15 GW150914
Hair, 1 mode 4728 92.15 92.11
Hair, 2 modes 4963 89.03 93.88
Hair, 3 modes 4957 85.91 90.70
Hair, 4 modes 4954 - - - -
Kerr, 0 overtones 4728 92.41 92.99
Kerr, 1 overtone 4950 91.87 94.54
Kerr, 2 overtones 4965 90.98 91.90
Kerr, 3 overtones 4964 90.50 - -
Kerr BBH, Non-spin 4971 97.03 100.56
Kerr BBH, Aligned spins 4971 96.69 100.71
TABLE I. Log Bayes factors for GW150914 and the numerical
simulation SXS:BBH:0305 scaled to an optimal SNR of 15,
when analysed with different ringdown models.
tone are consistent with emission from a Kerr black hole.
Thus, the frequencies and damping times are all functions
of the final mass and spin (Mf , af ), while the amplitudes
and phases are unconstrained:
hKerr(2,±2) =
∑
n=0,N
Ane
−t/τ(22n)ei±(2pif(22n)t+φn)). (5)
Here, f(2,2,n) and τ(2,2,n) denote the frequency and damp-
ing times of the n-th overtone of the (2, 2, 0) mode. We
stress that the addition of one overtone implies the ad-
dition of two extra parameters (An, fn) so that a model
with N modes i.e., N-1 overtones, has 2N + 2 intrin-
sic degrees of freedom. This model is designed to make
minimal assumptions about how a ringing black hole is
perturbed.
C. binary black hole model
Our third model—a sub-model of the Kerr model—
requires that the amplitude and phase of each tone is con-
sistent with excitation from a binary black hole merger.
While currently there is no waveform model that explic-
itly provides the amplitudes and phases of the ringdown
modes as a function of the binary parameters for spin-
ning binaries 3, these amplitudes and phases are implic-
itly encapsulated in the post-peak of full inspiral-merger-
ringdown models like [45–49]. Since the post-merger of
these waveforms is fitted to full numerical relativity sim-
ulations, these naturally include all the overtones, effec-
tively allowing us to place priors on {An, φn, fn, τn} via
3 While this work was being performed, Jime´nez et. al., released a
model for the remnant of non-spinning BBHs parametrising both
the fundamental (2, 2, 0) mode and its first overtone as a function
of the binary parameters [33]. We will discuss this model later
on.
4the binary parameters. In this work, we use the phe-
nomenological model for precessing binaries known as
IMRPhenomPv2 [45].
III. ANALYSIS OF SIMULATED SIGNALS
Our study consists of two steps: the analysis of simu-
lated signals and that of real data from GW150914. First,
we analyse a numerically simulated signal injected in
zero-noise, with source parameters consistent with those
of GW150914. We recover our injection with our Kerr
and Hair models, varying the number of tones. We study
the parameters recovered by each model and compare
their Bayes Factors to asses the level to which the “no-
hair” theorem and the presence of multiple modes can be
tested. We do this analysis for a case where the signal
loudness is consistent with that of GW150914: a post-
peak optimal SNR of 15; and again with an extreme-case
optimal SNR of 100.
A. Setup
We consider a single Advanced LIGO detector with
a noise power spectral density consistent with that ob-
tained for GW150914 in [50, 51] using the BayesWave al-
gorithm [52]. The number of resolvable overtones in the
ringdown signal depends on the signal loudness, which is
characterised by the optimal signal-to-noise ratio of the
signal [53, 54], given by:
ρopt = (h|h)1/2, (6)
where
(a|b) = 4<
∫ ∞
0
a˜(f)b˜∗(f)
Sn(f)
df, (7)
denotes the inner product, and a˜(f) denotes the Fourier
transform of a(t). We perform our analysis for optimal
SNRs of ρopt = 15, consistent with the post-peak SNR of
GW150914, and ρopt = 100. We implement a frequency
domain likelihood given by [54]:
logL(Θ|d) ∝ − (d− h(Θ)|d− h(Θ))
2
. (8)
We fix the sky-location and polarisation angle to the true
ones, setting standard priors on all the other extrinsic
parameters.
We inject in zero-noise the numerical relativity binary
black hole simulation SXS:BBH:0305 waveform [44], with
parameters consistent with GW150914; used in [28] (see
Table I). To isolate the post-merger signal, we set to zero
the data prior to the peak of the amplitude of the (2, 2)
mode. We choose for the source to be face-on, to min-
imise the effect of higher-order angular modes [42, 55–57].
We perform our parameter estimation runs using the
code Bilby [58, 59] and sample the parameter space using
the CPNest sampler [60].
B. Real data analysis
We analyse the post-peak portion of the signal
GW150914. In accordance with [29], we consider the
peak to happen at the GPS time tGPS = 1126259462.423
and impose a time delay of 6.9 ms between the Liv-
ingston and Hanford detectors. Doing this kind of analy-
sis presents challenges. In gravitational-wave data anal-
ysis, it is common to apply a window that smoothly sets
the data to zero at the ends of the data segment to
avoid spectral leakage, e.g., from noise lines. However,
given the exponentially decaying nature of the signal af-
ter tGPS, the application of a window to a data segment
starting at tGPS would lead to a dramatic loss of signal
power. On the other hand, starting the data segment
prior to tGPS would lead to power leakages from the pre-
peak portion that would affect our analysis.
A common solution to this is the implementation of a
time-domain likelihood in which the power-spectral den-
sity Sn(f) is replaced by a covariance matrix describing
the covariance between the noise at different times [27].
Here, we employ a different solution. We define a data
segment of 4 seconds duration centered on the beginning
of the ringdown: tGPS = 1126259462.423. Next, we re-
place the pre-ringdown data with two seconds of repre-
sentative noise data starting at tGPS + 15s. This method
is designed to isolate the ringdown signal from the inspi-
ral while allowing us to window the data at the ends of
the segments without losing any post-peak signal power.
Assuming that the replacement data has no glitches in it,
and that the underlying gaussian stochastic process de-
scribing the noise fluctuations is weakly-sense stationary
[61], as verified in [51] during the interval tGPS − 2s and
tGPS + 17s, we can then use the PSD computed in the
usual way.4 As we show below, our results on both sim-
ulated and real data are broadly consistent. This makes
us confident that our approach is sensible, at least for the
analysis investigated here.
IV. RESULTS
In this section, we first study the parameters recovered
by each of our models when analysing both our numerical
simulation and GW150914. Then we report our model
selection results.
A. Final mass and spin and overtone recovery
The solid contours in Figure 1 show the 2D 90% cred-
ible intervals for the final mass and spin of the NR sim-
ulation scaled to an SNR of 15 (left) and 100 (right). In
4 PSDs are commonly constructed using longer data segments, so
that such assumption is commonly made.
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SXS:BBH:0305 No overtones
GW150914 No overtones
SXS:BBH:0305 1 overtone
GW150914 1 overtone
SXS:BBH:0305 2 overtones
GW150914 2 overtones
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FIG. 1. Left: Final mass and spin recovery for GW150914 (dashed) and a consistent simulation with optimal SNR of ρopt = 15
(solid) using 0,1 and 2 overtones (blue, green, purple). The contours obtained for both real and simulated data are in wide
agreement. Right: final mass and spin estimates for the same injection as in the left panel, scaled to an SNR of 100. Two
overtones are needed to obtain non-biased estimates. For our injection analysis, we consider a single Advanced LIGO detector
implementing the noise curve obtained by BayesWave around the time of GW150914. The intersection of the black lines denotes
the true values for our injection.
addition, the dashed contours in the left panel show the
same intervals for GW150914. Figure 2 shows the cor-
responding posterior distributions for the amplitude of
the fundamental mode (bottom) and the relative ampli-
tude of the overtones (top). In agreement with previous
studies [28, 29], we find using solely one tone (omitting
overtones) leads to biased parameter estimation. For a
low SNR of 15, adding the first overtone is enough to
correct this bias. Accordingly, we obtain a posterior dis-
tribution for the amplitude of the n = 1 overtone that
peaks away from zero. However, we find that the addi-
tion of this overtone produces a modest increase in the
SNR δρ ∼ 0.4 while adding two extra parameters. This
incurs an Occam penalty, which makes the Bayes Factor
decrease, yielding logBn≤1n=0 ≈ 0.5. Thus, from a Bayesian
point of view, there is no evidence for a first overtone.
Note that we obtain this result despite the fact that the
recovered amplitude of the fist overtone is inconsistent
with zero (see Fig.2, left upper panel). In particular, we
obtain a 66% interval for the amplitude of the first over-
tone of A1 = 1.70
+1.87
−0.69×10−20 that excludes A1 = 0 with
more than 3σ.
The dashed contours in the left panel of Figure 1, rep-
resent the 90% credible intervals for the final mass and
spin obtained for GW150914, which show wide agree-
ment with those obtained for the NR simulation. In
addition, similar results are shown in the rightmost col-
umn of Table I. Once again, while the addition of the
first overtone yields parameter estimates consistent with
the true values, and despite the fact that we obtain
A1 = 1.62
+0.81
−0.71 × 10−20 at the 66% credible level, we
obtain logBn≤1n=0 ≈ 1.5, indicative of a weak evidence for
the first overtone.
When we increase the SNR of the injection to 100, the
amplitude posterior of both the first and the second over-
tone clearly exclude zero (see Figure 2, top-right panel).
Moreover, the inclusion of these two overtones is needed
to obtained non-biased posterior distributions. For this
case, we obtain logBn≤1n=0 ≈ 222 and logBn≤2n≤1 ≈ 15, yield-
ing clear evidence for the presence of at least two over-
tones. When a third overtone is added, the log Bayes
factor comparing the model with N overtones to 0 tones
logBn≤N0 starts to decrease. The fit is slightly improved,
but not enough to compensate for the increase in param-
eter space. This leads to logBn≤3n≤2 ≈ −1 and indicates
that a larger signal loudness would be needed to confirm
the presence of a third overtone.
The top-left panel of Figure 2 shows our posterior dis-
tributions relative amplitude of the overtones relative to
the fundamental tone for the case of our weaker injec-
tion and GW150914. In agreement with [28, 31, 62],
overtones exhibit amplitudes consistent with, or larger
than that of the fundamental (2, 2, 0) tone. For the
case of GW150914, when including only one overtone,
we obtain A1/A0 = 1.37
+0.17
−0.20 at the 90% credible level.
When we use two, we obtain A1/A0 = 1.10
+0.70
−0.90 and
A2/A0 = 0.70
+1.01
−0.55, showing that the signal residuals ini-
60 1 2 3 4 5
Ai/A0
A2, 2 overtones
A1, 2 overtones
A1, 1 overtone
A1 GW150914, 1 overtone
0 1 2 3 4 5
Ai/A0
A2, 2 overtones
A1, 2 overtone
A1, 1 overtone
0.2 0.4 0.6 0.8 1.0
A0 ×10 19
SXS:BBH:0305, 2 modes
GW150914, 2 modes
SXS:BBH:0305, 1 mode
GW150914, 1 mode
0.0 0.2 0.4 0.6 0.8 1.0
A0 ×10 18
SXS:BBH:0305, 4 modes
SXS:BBH:0305, 3 modes
SXS:BBH:0305, 2 modes
SXS:BBH:0305, 1 mode
FIG. 2. Overtone amplitudes for a GW150914 and a consistent simulation. Top: Relative amplitudes Ai/A0 of the
overtones with respect to the fundamental tone. Bottom: Amplitude of the fundamental mode. The optimal SNR of the
injections is ρ = 15 in the left panels and ρ = 100 on the right ones.
tially captured by the first overtone, eventually get sim-
ilarly spread among both overtones. Similarly, for our
weaker injection we obtain A1/A0 = 0.96
+0.36
−0.46 when in-
cluding one overtone and A1/A0 = 0.87
+1.08
−0.79, A2/A0 =
0.62+0.90−0.56 when including two. We stress once again, that
while a value of zero may lay several σ away from the cen-
ter of the posterior distribution for the overtones, their
presence is not strongly favoured by Bayesian model se-
lection. Finally, the bottom panels show that the esti-
mated amplitude of the fundamental tone A0 as succes-
sive overtones are added. We note that this always grows
as more overtones added.
B. Testing the no-hair theorem using overtones
Here we focus on the evidence for the final object to
be a Kerr Black hole. To this we compare the maximum
evidence obtained by the Kerr models to that obtained by
any of the Hair ones, irrespective of the number of modes.
When only one mode is included in these two models,
we obtain almost equal evidence. In general, as we add
additional tones, we find that Hair models can fit the
data better than the Kerr model using a lower number
of tones. This is unsurprising; the Hair model has more
flexibility to fit the data. As noted above, a better fit
is not necessarily accompanied by a larger evidence. To
understand this, it is best to first focus on the leftmost
column of Table I, reporting our results for the injection
with SNR = 100. As discussed earlier, the evidence for
the Kerr model grows as we add up to two overtones.
However, the tiny improvement of the fit obtained by the
addition of a third overtone (or a fourth tone), makes the
evidence decrease. The conclusion is that a scenario with
two overtones (three tones) is preferred if the source is
assumed to be a Kerr black hole.
For the Hair model, both the quality of the fit and
the size of the parameter space grow faster as we include
modes. For this reason, the evidence stops growing after
the inclusion of just two tones, indicating that, if the
750 60 70 80 90 100
M[M ]
SXS:BBH:0305
GW150914-R
GW150914-IMR
1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
q
1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
eff
20 30 40 50 60 70
m1[M ]
10 15 20 25 30 35 40 45
m2[M ]
0 200 400 600 800 1000
DL[Mpc]
FIG. 3. Binary parameters of GW150914, inferred from the post-peak emission. Posterior distributions on individual
masses, total mass, mass-ratio, effective spin parameter and luminosity distance obtained from the analysis of the post-peak
signal of SXS:BBH:0305 (blue), the post-peak of GW150914 (orange) and the full GW150914 signal (green). All of the posteriors
are consistent with one another other. Notably, we can constrain the mass ratio of GW510914 to q < 2.29 at 90% confidence
analysing solely the post-peak portion of the signal, while the effective-spin parameter χeff can not be measured.
source is not assumed to be a Kerr black hole, then the
emission is best explained by only two tones. Comparing
the maximum evidence for the Kerr and Hair models, we
obtain logBKerr,2overtoneHair,2modes ≈ 2, indicating that we cannot
distinguish confidently between the scenarios of a Kerr
black hole with three tones and an exotic object with 2
tones.
Reducing the SNR to 15 yields qualitatively similar
results. We obtain logBKerr,0overtoneHair,1mode ≈ 0.3 indicating,
once again, that we are unable to distinguish between a
Kerr black hole and an exotic object. For the case of
GW150914, we also obtain consistent results, although
in this case the presence of a second mode, in both the
Kerr and Hair scenarios, is slightly preferred. We ob-
tain logBKerr,1overtoneHair,2mode ≈ 0.6, indicating that the Kerr
scenario is only 1.8 times more probable than the exotic
object one.
C. Testing the Kerr nature of the remnant using
IMRPhenomPv2
Last, we analyse the NR injection with the post-peak
portion of IMRPhenomPv2 waveforms. While we note that
this model does only consider the (2, 2, n) modes of the
emission, no evidence for higher-order modes has been
reported for GW150914. This model allows us to ef-
fectively impose priors on the ringdown amplitudes and
phases suitable for a perturbed Kerr black holes born
from a binary black holemerger, effectively incorporat-
ing all overtones n ≤ ∞. As expected, we find that this
model is able to fit the data as well as the previous ones,
while vastly reducing the parameter space. As a conse-
quence, the binary black hole model is preferred with a
logB ∼ 5 with respect to any of the other models for
an SNR of 15. Performing this analysis on GW150914,
we obtain a logB of ∼ 6.5 in favour of the binary black
hole model, verifying the no-hair theorem at the ∼ 99.7%
level.
This result reveals that while no strong evidence can be
obtained for the presence of one single overtone using our
Kerr model, strong evidence for the whole set of overtones
present in the signal can be obtained if we use the correct
priors on their amplitudes and phases, even if it does not
make sense to speak of measuring individual tones.
D. Recovering the binary parameters from the
post-merger signal
By imposing suitable priors on the amplitudes and
phases of the overtones, we recover information about the
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FIG. 4. Frequencies and damping times for GW150914 and a numerical injection consistent with it, with optimal SNR
ρ = 15. We report the frequency and damping time of the fundamental mode (left) and the next mode (right), when the
signal is compared to one (blue) and two damped sinusoids (orange). When using two damped sinusoids, f0 matches the
ringdown frequency of the fundamental (2, 2, 0) mode, while f1 is consistent with the merger frequency. For GW150914, we
find f0 = 254
+6
−7Hz, consistent with (TGR paper). For both the injection and the GW150914 case, τ0 shows significant support
for values larger than that of the (2, 2, 0) mode. The value of f1 obtained in both cases is consistent with the merger frequency.
For GW150914 we obtain f1 = 150
+16
−12Hz.
parent binary encoded in the infinite series of overtones,
leading, in turn, to a large preference for IMRPhenomPv2.
Figure 3 shows the posterior distributions for the binary
parameters inferred from the post-peak of the NR
simulation scaled to ρ = 15 and that of GW150914;
together with those obtained from the analysis of the full
GW150914 signal. All these results are in agreement.
We find that information about the parent binary masses
can be recovered solely from the post-merger signal,
although with larger uncertainties that when analysing
the full inspiral-merger-ringdown signal. We obtain 90%
credible intervals for the individual (redshifted) masses
m1 = 41
+10
−5 M and m2 = 32
+6
−11M, constraining the
mass ratio of the parent binary to q < 2.29 at the
90% level. We find that relatively little information
about the binary spins, encoded in the χeff parameter
is recovered using data from after the signal peak, as
both this posterior and those for the individual spin
magnitudes are perfectly consistent with our priors.
Consistently, we obtain almost identical evidence for
both the non-spinning and aligned-spin models (see
Table I).
Finally, we note that while this work was being per-
formed, Jime´nez et. al., released a model for the remnant
of non-spinning BBHs parametrising both the fundamen-
tal (2, 2, 0) mode and its first overtone as a function of
the binary parameters [33]. However, we analysed our in-
jection with SNR= 15 with this model obtaining biased
results. We understand that this is consistent with the
fact that [33] reports that their model has mismatches
as large as 0.02 with numerical relativity waveforms for
mass ratios close to unity.
9E. Reconstructing the ringdown waveform with
minimal assumptions
Last, we perform spectroscopic parameter estimation
with minimal assumptions. We use the Hair model con-
sisting on damped sinusoids with free frequencies and
damping times. Figure 4 shows posteriors for the damp-
ing times (bottom) and frequencies (top). Analysing our
NR simulation with a single tone yields 90% credible in-
tervals f0 = 220
+7
−7Hz and τ0 = 5.1
+1.3
−1.0 ms consistent
with those reported in Thrane et. al. [26]. A consis-
tent result f0 = 213
+11
−17Hz, τ0 = 5.1
+1.3
−1.1 is obtained for
GW150914. Adding a second tone, we estimate the fre-
quency of the zeroth mode to be f0 = 254
+21
−9 Hz, con-
sistent with the value for the fundamental (2, 2, 0) Kerr
mode f0 = 251
+8
−8Hz reported in [63]. For the second
tone we estimate f1 = 160
+28
−19 Hz, consistent with that
at the merger of GW150914 [64]. This result is sensible:
we resolve the longest-live tone and the tone with the
largest amplitude [64]. For the NR simulation, we obtain
consistent values f0 = 247
+23
−19Hz and f1 = 201
+31
−140 Hz.
V. CONCLUSIONS
Black-hole spectroscopy pursues the measurement of
different gravitational-wave modes emitted during black-
hole ringdowns. According to the no-hair theorem, the
frequencies and damping times of these modes are fully
determined by the black hole mass and spin while the
amplitudes and phases depend on the particular pertur-
bation it undergoes. Consequently, measuring at least
two of these modes seems key to confirm the theorem.
Performing Bayesian model selection on simulated sig-
nals consistent with GW150914, we assess the feasibility
of tests of the no-hair theorem based on the individual
identification of ringdown overtones. The large number of
degrees of freedom needed to correctly fit the post-merger
signals from black holes, together with the flexibility that
models violating the no-hair theorem offer, makes it im-
possible to distinguish between two possible scenarios:
a) a generically perturbed black-hole with quasinormal
modes that satisfy the no-hair theorem and b) an exotic
objects with fewer active quasinormal modes, which vi-
olates the no-hair theorem. This is true even for loud
signals. The reason is that, the louder the signal, the
larger the number of overtones is needed to correctly fit
it, which increases the number of required parameters.
In this work, we highlight the need to place suitable
priors on these parameters by exploiting the information
that the remnant black hole is the result of a binary
merger, so that the number of free ringdown parame-
ters should never exceed eight. Instead of attempting to
measure individual overtones, we employ the post-merger
portion of complete inspiral-merger-ringdown waveform
that naturally include all the possible overtones. These
waveforms are parametrised by solely the binary param-
eters. Analysing a numerical simulation consistent with
GW150914, we show that this reduction of the param-
eter space allows us validate the no-hair theorem with
strong confidence. Applying this method to GW150914,
we obtain a natural log Bayes factor of ≈ 6.5 favouring
the Kerr nature of the remnant object, and its compli-
ance with the no-hair theorem. This leaves 1 in ∼ 600
chances that the theorem is violated by GW150914. In-
terestingly, using only the post-merger emission, we can
constrain the mass ratio of the parent binary to q ≤ 2.29
at the 90% level. By measuring a property of the progeni-
tor system (as opposed to a property of the remnant), it is
clear that the amplitudes and phases of the overtones en-
code detailed information about how the remnant black
hole was perturbed.
We conclude that the most meaningful way to test
the no-hair theorem is the direct comparison with full
waveform models, in contrast to performing minimal-
assumption black-hole spectroscopy. In the future, we
plan to extend this study to the case of angular ringdown
modes.
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APPENDIX I: BAYESIAN INFERENCE AND
OCCAM FACTOR
A. Basic definitions
The posterior probability for a set of source parameters
θ, given a stretch of data d and a data modelM, is given
by
p(θ|d,M) = pi(θ)L(d|θ,M)Z(d|M) , (9)
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where L denotes the standard frequency-domain likeli-
hood commonly used for gravitational-wave transients
[53, 65]
logL(d|θ,M) = −1
2
(d− hM(θ)|d− hM(θ)). (10)
Here, hM(θ) denotes a waveform template for parameters
θ, according to the waveform model M. As usual, the
operation (a|b) denotes the inner product [54]
(a|b) = 4<
∫ fmax
fmin
a˜(f)b˜(f)
Sn(f)
df, (11)
where Sn(f) denotes the one sided power spectral den-
sity of the detector noise, and fmin and fmax are respec-
tively the low and high frequency cutoffs of the detector
data. The factor pi(θ) denotes the prior probability for
the parameters θ and the factor Z(d|M) is known as the
evidence for the model M. This is given by the integral
of the numerator of Eq.9 across all the parameter space
covered by the model
Z(d|M) := ZM =
∫
pi(θ)L(d|θ,M)dθ. (12)
Given two models A and B, the degree of preference
for model A over model B is given by the Bayes’ Factor
BAB =
ZA
ZB . (13)
It is common to say that model A is strongly preferred
wrt. B when the natural logBAB > 5, so that model A is
∼ 150 times more probable than model B.
B. The size of the parameter space and the Occam
factor
When comparing two models A and B, it is important
to note that two main factors determine the value of the
corresponding evidences. The first one is how well the
model can fit the data. Parameters yielding good fits will
yield large values of logL, and vice versa. In particular,
note that Z is bounded by, e.g.,
Z ≤
∫
pi(θ)LMaxdθ. (14)
, with logLMax denoting the maximum value of the like-
lihood across the parameter space, i.e., at the best fit-
ting parameters. Second, the act of integrating across
the whole parameter space implies that the model may
explore regions of the parameter space with poor con-
tributions to the integral. Since
∫
pi(θ)dθ = 1 exploring
“useless” portions of the parameter space leading to poor
fits causes a reduction of Z. This penalty is known as the
Occam factor. Three situations can arise when adding a
new parameter θ1 to an existing sets of parameter θ.
1. The new parameter θ1 has no effect on the fit
In this case, we have that L(d|θ) = L(d|θ, θ1). For
instance, when looking solely at the post-merger of
GW150914, the spins of the parent binary will not have
any appreciable effect on the signal, so that the spin val-
ues will not have any effect on the likelihood. Fig. 3
shows this is the case for us, as the prior and posterior
χeff distributions are hardly different, indicating that
the data is not informative about the spins. Accordingly,
Table I shows no preference for either model.
2. The new parameter θ1 significantly improves the fit
This is, if L(d|θ) 6= L(d|θ, θ1) and Lmax(d|θ, θ1) >>
Lmax(d|θ), roughly speaking, the average value of L
across the parameter space will increase. An example
of this can be observed for our injection with SNR =
100. The addition of a second mode to the templates
causes a very important increment of the maximum like-
lihood that overcomes the fact of exploring extra poor
matching parameter combinations. As a consequence,
the first Table of Table I shows that the Bayes factor sig-
nificantly increases when going from one single mode to
two. As we have discussed, this also happens when the
full tower of overtones is added to the fundamental mode,
with its parameters suitably constrained, i.e., when using
the IMRPhenomPv2 model.
3. The new parameter does not significantly improve the fit
In Consider that the new parameter only leads to a
marginal improvement of the fit at the best point in the
parameter space, so that Lmax(d|θ, θ1) ≈ Lmax(d|θ). In
addition, consider that θ1 leads to poor fits most of the
times, so that roughly speaking, the average value of the
likelihood across the new space decreases. In these case,
the marginal improvement of Lmax does not compensate
the increase of the parameter space. A good example
of this is the addition of a third and a fourth mode to
the Hair model, in the first column of Table I. A similar
situation arises when adding a third overtone to the Kerr
model.
APPENDIX II: CHOICE OF PRIORS
The selection of prior ranges is a fundamental ingre-
dient of Bayesian inference and model selection. When
two models A and B are so that one is contained in the
other (i.e., the models are nested).
For instance, evidence in favour of the presence of non-
zero spins in a binary black hole can be evaluated by
comparing the data to two models that include and omit
spin effects while covering the same prior ranges in all
other parameters. This way, we know that any difference
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in the evidence for these models comes solely from the
impact of the black hole spins in the data.
However, with the exception of the orientation and
sky-location parameters, our models do not depend ex-
plicitly on the same parameters, which makes less trivial
to set appropriate priors. For the Hair model, the in-
trinsic properties of the source are described in terms of
the individual amplitudes, phases, damping times and
frequencies of the emission modes {An, φn, fn, τn}. In-
stead, for the Kerr model, the {fn, τn} parameters are
parametrised by the mass and spin of the black hole. Fi-
nally, the model IMRPhenomP effectively parametrises all
{An, φn, fn, τn} via the individual masses and spins of
the binary black hole. For this reason, choosing priors
that do not artificially favor either of these models is in
principle a delicate matter. For instance, a prior too wide
in the {τn, fn} parameters for the Hair model, together
with a too narrow prior on {Mf , af} for the Kerr model,
would artificially favor the former. In the following, we
describe our prior choices.
4. Hair vs. Kerr
1. We set flat priors in all mode phases φn ∈ [0, 2pi]
and a flat prior in the amplitude of the zeroth mode
A0 ∈ [10−22, 10−18].
2. In the Kerr case, we set the amplitude of the over-
tones to Ai ∈ [10−23, 10−18]. For the secondary
n > 0 modes of the we apply priors Ai/A0 ∈
[0.01, 100]. While the latter makes sampling eas-
ier, leading to cleaner posterior distributions, we
have checked that our conclusions do not change if
we use a prior Ai ∈ [10−23, 10−18]. In addition, we
apply an extra constraint fn/fn−1 ∈ [0.01, 1] and
τn/τn−1 ∈ [0.01, 1]. This is motivated by the fact
that, in the Kerr case, overtones have lower fre-
quencies and damping times than the fundamental
mode.
3. We set flat priors on the mass and spin of the Kerr
model Mf ∈ [20, 100]M and af ∈ [0, 0.99].
4. We set flat priors on the frequency and damping
time of the fundamental Hair mode, f0 and τ0,
equal to the maximum and minimum explored by
the masses and spins of the Kerr model.
5. IMRPhenomP
For IMRPhenomP we set a flat prior in the total mass
M ∈ [20, 100]M and uniform priors in the spin mag-
nitude ai ∈ [0., 0.8]. The luminosity distance is allowed
to vary in dL ∈ [1, 1000], so that it runs over the same
orders of magnitude as A0 in the previous two models.
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